Abstract. In this paper we answer a question of Curto and Fialkow: there exists a quadratically hyponormal weighted shift which is not positively quadratically hyponormal.
Let H be a complex Hilbert space and let L(H) be the algebra of bounded linear operators on H. An operator T ∈ L(H) is said to be normal if T * T = T T * , hyponormal if T * T ≥ T T * , and subnormal if T = N | H , where N is normal on some Hilbert space K ⊇ H. If T is subnormal, then T is also hyponormal. Recall that given a bounded sequence of positive numbers α : α 0 , α 1 , · · · (called weights), the (unilateral) weighted shift W α associated with α is the operator on 2 (Z + ) defined by W α e n := α n e n+1 for all n ≥ 0, where {e n } ∞ n=0 is the canonical orthonormal basis for 2 . It is straightforward to check that W α can never be normal, and that W α is hyponormal if and only if α n ≤ α n+1 for all n ≥ 0.
Recall the Bram-Halmos criterion for subnormality, which states that an operator T ∈ L(H) is subnormal if and only if
. Using the Choleski algorithm for operator matrices, it is easy to see that this is equivalent to the positivity of the matrices (T 
is positive, then the Bram-Halmos criterion can be rephrased as saying that T is subnormal if and only if T is k-hyponormal for every 
and, for notational convenience,
. Then d n satisfies the following 2-step recursive formula:
if we let t := |s| 2 , we observe that d n is a polynomial in t of degree n + 1, and if we write d n = n+1 i=0 c(n, i)t i , then the Maclaurin coefficients c(n, i) satisfy a double-indexed recursive formula; namely
We begin with:
, [5] , [6] ). Let α : α 0 , α 1 , · · · be a weight sequence, let W α be the corresponding weighted shift, and let c(n, i) be the Maclaurin coefficients of the polynomial d n . We say that W α is positively quadratically hyponormal if c(n, i) ≥ 0 for all n, i ≥ 0 with 0 ≤ i ≤ n + 1, and c(n, n + 1) > 0 for all n ≥ 0. If the weight sequence α = {α n } ∞ n=0 is given by
then the corresponding weighted shift is called the Bergman shift. It is well known that the Bergman shift is subnormal.
The following is an one-step extension of the Bergman shift.
Theorem 2. For x > 0, let T x be the weighted shift whose weight sequence is given by
Then we have: Proof of Claim I. Since for n ≥ 2,
But since c(n, 2) ≥ 0 for n = 1, 2, 3, the above argument gives that c(n, 2) ≥ 0 for all n ≥ 1. This proves Claim I.
Proof of Claim II. First of all we prove that for n ≥ 4, i ≥ 1,
A simple calculation shows that u n+1 v n = w n for all n ≥ 3. Thus if n = 4,
and a similar calculation works for the inductive step. Now
, and h i = 0 for i ≥ 4, which together with (2.5) proves Claim II.
Proof of Claim III. Since for n ≥ 4, 
